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ON AN OPERATOR THEORY OF LIN EA R SYSTEMS WITH PURE AND DISTRIBUTED DELAYS*

‘4
E . W . Karnen
School of Electrical Engineering
Georgia Institute of Technology
Atlanta, Georgia 30332

Abstract DELFOUR-McCALLA-MITTER ~~ (see also the survey
by MAN ITIUS t6~).A representation theory based on convolution

operations is developed for a large class of In contrast to existing methods, our approach
linear systems containing pure and distributed to the study of (1) is based on an algebraic
delays in state and control. In terms of this setting defined in ternis of convolution operators.
framework a necessary and sufficient condition More precisely, in the next section it is shown
and a sufficient condition are given for func- that (1) can be written in the form
tionaj (null) controllability. The conditions
involve the generation of modules defined over x(t) (F* x)(t) + (G*u)(t) (2)
a convolution ring of functions .

where * denotes convolution and F and G are
matrices whose elements belong to a convolution
ring of functions and impulses (Dirac distribu-

I. Introduction tions). The convolution representation (2) is a
special case of the time-domain operator framework

In many control problems the systems under developed by KANEN ~7 .
consideration contain pure and distributed time
delays in state and control (examples are given In the latter part of the paper the

$ by MANITIUS ~~~~ Such systems are usually re- representation (2) is applied to the problem of
ferred to as hereditary systems since the rate of driving initial functions to the zero function in
change of the present state depends on past values finite time (functional null controllability).
of the state and control or input. New algebraic criteria for controllability are

given in terms of modules defined over the convo-
In this paper we consider the class of linear lution rings.

systems given by a first-order functional differen-
tial equation of the form 

r 

2. Representation by Convolution Operators

x(t) A(9)x(t+ 8)d8 + F x(t)+ ZFi
x(t_ a

i
) L~~ L 

oc denote the space of all real-valued
-c ~ i l  Lebesgue measurable functions f(t) that are

(I) locall y integrable , i.e. $ If(t)Idt < for any

,0 s compact subset K of It. Let L+
oc denote the sub-

B(9)u(t+8)d8 + Gou(t)+~~ 1
Gi

u (t_b j) space of L1OC consisting of all functions with
- support bounded on the left. It is easily

where c ,d and the 
~~~~ 

are positive real numbers, 
verified that L~°’~ is a ring with pointwise

the F~ (Gi
) are nxn (n~~m) matrices over the 

addition and with convolution defined by

reals R, A (s) (reap. B( 8)) is a nxn (nxm) matrix *f\ t — r 8 f t- e deof (Lebesgue) measurable and integrable functions ~~ ~( ‘ g

on -c,O~ (~-d,O~), x(t) € R~ is the “instantaneous 
•

state,” and u(t) E ~~ is the input.

Systems of the form (1) have been studied
using mainly functional-analytical methods applied
to a state space setting de~ined in terms of the
product space R~xL

1’(-h ,O;R ) where h maxfc,ai~
.

In particular, numerous results on controllability *thi work was supported by the U.S. Army
and optimal feedback control can be found in the Research Office, Durham , N.C., under
work of DELFOUR-MITItR C2,3~ , DELFOUR t4), and Grant DA..ARO-D-31-l24-73-Glll.
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Note that if the support of g is contained in 3. Initial Conditions
:o,a:. a > 0, then

In this section we show how to ~hand I.e

(g* f)(t) • g(8)f(t - 8)dR nonzero initial conditions in solving the operator
- I equation ~ — F” x + G* u. This result will be
- 

• 
° utilized in the next section to study functional

and by a change of variables, we have controll~bility.

0r ~ ( 8) f (t + 8 ) d 9  (3) Suppose that we are given
• 4a x(t) (F*x)(t) + (G*u)(t) (6)

where g(e) with F and G defined over 3 as in Theorem 1.
• c

Letting denote the unit impulse (Dirac Now let a — max ~r E supp F) anda b — max (r E supp G). Then to solve (6) fordistribution) concentrated at the point (a), def ine t > o we need to specify x(t) on the interval
t-a,O] and u(t) on the interval t-b,0. We assume

b 5 :fEL.~
0c
, a1,

b~ E R ~ 
the following initial conditions

~ ~~ 
i a ~

x(0)—x ER~ 
n 1q positive integer) . (4)

K(t) — 0( t ),  tE t— a ,0), ~ € (L~_5,0~) ~ (7)
The addition in the definition of J can be taken m
ins formal sense or it can be viewed as addition u(t) — u0(t), tet-b,O1, uE (14..b Oi) Jin some space of distributions. The set .1 is an

overring of L.~
0C with the convolution Operation where L

~~~d~ 
— (fEL~~supp fctc ,dJ).given by

t f+� b
i6a )*(g+7c164 ) = Given fEL~, define

t E C c,d)
f * g+~~ (c1

f(t — d~ ) +b
1
g(t  — a

i))

+~~ I~ ’b 
~~ + d ) (5) 0, otherwise

i i 3 By the results of DELFOUR t4~
, with initial data

1 ‘~
‘
~Note that t is the identity element of the ring J. (7) and u 1 E(LtO,.), 

the convolution
o I (o,.)

Finally, let L~ denote the space of all real- equation (6) has a unique solution x(t) with

valued measurable functions f(t) defined a. a. on x l E”t~°~ 
)fl

R with support bounded on the left, such that 
(o,) ~

1f (t)ldt < •. The space L~ is a subring of L.~
OC. Theorem 2: Given ul E(L~0~~)) with initialI (o,.)

data (7), the aolution of (6) for t > 0 is equal
Via the above constructions we can now to the solution for t > 0 of

characterize (1) in terms of convolution operations.
Theorem 1: With uE (L~)

m and ~ ej
n, the system ~(t) = (F* x)(t) + (G* u)(t) + v(t)

equation (1) can be written in the form with initial data egual to zero, where
x(t) = (F* x)(t) + (G*u)(c) where F (G) is a
nxn (n~~m) matrix over 3~ (0EJ:supp ~ is v — x 6 + (F*Ø+G* u) lcompact and contained in CO in,)). o o o (o,m) c

.
~~ !~ 2.~: Applying (3) and (5) to (1), we have that ~~~~_f: Clearly x 8 sets up the initial value

0 0

x0ER
n. Since x ~ + xl and U = UI S +t2r a (o,~) I (o,~ j o

= t’A +  ~~ F S *x +  (~+ ~ GjSb )*u with x0 — 0, we have that
~~~~ 

i a~ J 
~

F* x + G* u = F* xl + G~~u~ +F*~~+G* u
where A(t) — A(—t) and ~(t) — B(-t). (o,~) I(0,.) o
By definition of A ,B and the F~1G~, the coefficient Hence
matrices of x and u are over J . U

C

(F* x+G* u)l =F * xI +G* ul(o,n,) (o,~) (o,~)

+ ( F*o + G * uO)l (O n,) . I

75

- 



-

As a consequence of Theorem 2, operational denote the L’-subtnodule of .1 tp]n generated overc cmethods, such as those developed in Cl), can be L1 b• used to solve operational differential equations c ~
‘ ‘
~l’ 

y2, ..., ‘

~~~
. That is, <‘il’ ~~~~~~

of the form (6) with nonzero initial conditions, is the set of all sums 
~~~~~ ~i

E L
~
.We shall now apply this result to the study of

controllability. Theorem 3: The system given by (6) is controll-

4. Controllability able if and only if is contained in the L1-C l C
module generated over L

~ 
by the columns of the

Let L,~ denote the set of all fEL~ such that nxn matrix (p1 - F) and the nxm matrix C; tha t
supp f is compact and contained in to,.). With the is,

induced operations L~ is a convolution ring con- 
~ ((p1 - F),G)tl (9)

tam ed in the ring 
~

Proof: Suppose that (9) holds and the initialDefinition: The system given by (6) is said to —

be (null) controllable if for any initial con- condition (7) is given. Then there exist 0 € (L~ )~Im
dition (7), there e;:fats a control uE (L) such and BE (L~)

n such that

that the solution of (6) is zero for all t > h,
some h >0. (pI _ F)*B - G~~a 

= x ~ +(F*O+G* u 
~I EJ n

0 0  o (o,e) c
In terms of the following constructions we derive Therefore by (8) and Theorem 2, 8 is the solution
a necessary and sufficient condition for control- of (6) with the g!ven initial data and with input
lability. uJ — a. Hence the systam is controllable.

(0,.)

Let p’~ d 
th derivative of 6 in the Conversely, suppose that the system isenote the n

0
sense of distributions. The element p” belongs to controllable.

the convolution ring of Schwartz distributions Define e~~~(O 0 ... 1 0 ... O)TR ERrI
, i=l ,2,...n.

on R with support bounded on the left (see t7]). Lith place
Given IEL.~

OC
, the derivative of f in the sense By Theorem 2, ei&0 sets up the initial value

of distributions is equal to p *f (with the con- x — e
i~ 

Then since the system is controllable ,
0volution p *f carried out in4~). Therefore (6) 

by (8) and Theorem 2 there exist uiE(L~
)
m 
and

ncan be expressed completely in terms of convolu- 
x E(L1) such thattion operations: i c

(p1 - F)*x G* u (8) (p1 - F)*xi - G* u~ = e~t0~ i 1 ,2,...,n.

nwhere I is the nxn identity matrix. But e
15 , e260, ..., e 6 is a basis of J as an o  c

Now let J~~p) denote the set of all finite 
Jc

_ni0th1
~~~ so that given y E J ~, there exist

sums ~~~~*p
t where ai

EJ
~
. With the standard y € 3 such that y — ~~ y (e 6 ). Hencei i oi C

operations, 3
~t~) is a convolution ring of dis- 

= (p1 - F)*(Th.~*x~) - G* (Eyj*uj). (10)
tributions (contained in.~~). The rings 3 and

(C.! ) are subrings of J
~
tP). Then since or* f E L ~ for any orEJ~~, 

f€ L ~, it

follows from(l0) that the columns of (p1 - F) and
Letting J

~Cpf denote the space of n—element 
~ generate over L~. Ucolumn vectors over 

~~tp], 
we have that J Cp? is Corollary: The system (6) is controllable if and

addition and with multiplication defined by 
((p1 - F), C) 1’ i — l , 2, ... , ne~~~Ejo

a free finite module over JCCP) with componentuise only if

L
“(~~j ,  B2, ..., Bn)

T
~~ ~~~~~~~~~~~~~~~~~~~ 

c
where c

i — (0 0 ... 1 0 ... 0) E Rn.

where ~~, Ri
EJ
~tpJ , 

and TR denotes the transpose. L thi place

• Since L1 is a subrtng of .l~~p], by restricting In the finite-dimensional case where F and G
are over ItS , it is well known (KI UiAN ta)) thatthe m u l t i p lic a t i o n  operation to L we have that o

1 C 
‘he system given by (6) is c~.ntrollable if andI ’p~~ t~~ al- -i a (nonfiiiit.e : L,~-mudu1e. Given 
only if the rank of the nyna matrix

V~~ i “
~~~‘ 

Vq
E J

c tTl , let <‘s j~ ~~ (G,FG,...,F
n_I

G) is equal ton . If F aod C
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viewed as matrices over It (rather than ItS ), this over a subring N that is a principal ideal domain

4 is equivalent to requiring that 
(see MORSE tb )  and SOt4TAG t9)).

<G ,FG,... ,Fn 1G)~ — Rn (11) 
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